
























FUSION 2-CATEGORIES WITH NO LINE OPERATORS ARE GROUPLIKE
THEO JOHNSON-FREYD1,2 AND MATTHEW YU∗,1
Abstract. We show that if C is a fusion 2-category in which the endomorphism category of the
unit object is Vec or SVec, then the indecomposable objects of C form a finite group.
1. Introduction
Just as multifusion 1-categories describe the fusion of quasiparticle excitations — 1-spacetime-
dimensional objects, aka line operators — in topological phases of matter, multifusion 2-categories
(first introduced in [DR18]) describe the fusion of 2-spacetime-dimensional “quasistring” excita-
tions, aka surface operators. Except in very low dimensions, a typical topological phase can have
quasistring excitations which are not determined by the quasiparticle excitations, and multifu-
sion 2-categories are vital for the construction and classification of topological phases in medium
dimension [LKW17, LKW18, JF20].
Recall that a multifusion 1-category C is fusion if the endomorphism algebra ΩC = EndC(1C)
is trivial, i.e. isomorphic to C, where 1C ∈ C denotes the monoidal unit [EGNO15]. There are
two reasonable categorifications of this notion when C is a multifusion 2-category. The stronger
generalization, which we will call strongly fusion, is to ask that the endomorphism 1-category
ΩC = EndC(1C) be trivial, i.e. equivalent to VecC. The weaker notion, which we will call merely
fusion, is to ask only that Ω2C = EndΩC(11C ) be trivial, where 11C ∈ ΩC is the identity object.
A fusion 2-category is a finite semisimple monoidal 2-category that has left and right duals for
objects and a simple monoidal unit. Physically, if C describes the surface operators in a topological
phase, then ΩC describes the line operators and Ω2C describes the vertex (0-spacetime-dimensional)
operators.
The classification of fusion 1-categories is extremely rich [EGO04, JL09, Nat18]. The simplest
examples are the grouplike, aka pointed, fusion 1-categories, whose isomorphism classes of simple
objects form a group G under the fusion product. These are famously classified by ordinary
group cohomology H3gp(G; U(1)). But there are many nongrouplike examples. The classification of
(merely) fusion 2-categories is similarly rich, since it includes the classification of braided fusion
1-categories [DR18, Construction 2.1.19]. The main result of this note shows a dramatic difference
with the strongly fusion case:
Theorem A. If C is a strongly fusion 2-category, then the equivalence classes of indecomposable
objects of C form a finite group under the fusion product.
We also address the “fermionic” case where ΩC ∼= SVec:
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Theorem B. If C is a fusion 2-category with ΩC ∼= SVec, then the equivalence classes of inde-
composable objects of C form a finite group, which is a central double cover of the group π0C of
components of C (see Definition 2.11).
In particular, Theorem B asserts that the components of C do form a group.
Remark. Just as grouplike fusion 1-categories in which the simple objects form a group G are
classified by H3gp(G; U(1)), the strongly fusion 2-categories with simple objects G are classified by
H4gp(G; U(1)) [DR18, Remark 2.1.17]. In the fermionic case, if one additionally assumes that the
actions of End(1C) ∼= SVec on End(X) given by tensoring on the left and on the right agree, then
one can show that the options with π0C = G are classified by “extended group supercohomology”




gp(G;Z2) which takes an
extended supercohomology class to its Majorana layer ; the group of simple objects in C is the
corresponding central extension Z2.G. Although in general Majorana layers of supercohomology
classes have no reason to be trivial, we were unable to find an example where the extension Z2.G
did not split.
The outline of our paper is as follows. Section 2 reviews the definition of multifusion 2-category
from [DR18]. In particular, we recall their notion of “component” of a semisimple 2-category in §2.
The proofs of Theorems A and B occupy §3 and §4, respectively.
In future work, we will use these theorems to give a complete classification of 5-spacetime-
dimensional topological orders.
2. Semisimple and multifusion 2-categories
The definition and basic theory of semisimple and multifusion 2-categories were first introduced
in [DR18]. Since this theory is new, we take this section to review the main features.
Recall that a 2-category C is C-linear if all hom-sets of 2-morphisms are vector spaces over C,
and both 1- and 2-categorical compositions of 2-morphisms are bilinear.
Definition 2.1. An object in a linear 2-category is decomposible if it is equivalent to a direct sum
of nonzero objects, and indecomposable if it is nonzero and not decomposable.
Remark. We will slightly abuse the language and use the terms “simple” and “indecomposable”
interchangeably. A simple object X in a 2-category is one such that any faithful 1-morphism
A →֒ X is either 0 or an equivalence. In finite semisimple 2-categories all indecomposable objects
are simple [DR18].
In particular the objects which we consider in the 2-category will only be sums of finitely many
simple objects, and decompositions are unique up to permutations. In our goal to define a semisim-
ple 2-category, we present some definitions for the higher categorical generalization of the notion
of idempotent splitting and idempotent complete for 1-categories, also discussed in [GJF19].
Definition 2.2. A 2-category C is locally idempotent complete if for all objects A,B ∈ C, the
1-category homC(A,B) is idempotent complete. It is locally finite semisimple if homC(A,B) is
furthermore a finite semisimple C-linear category (i.e. an abelian C-linear category with finitely
many isomorphism classes of simple object and in which every object decomposes as a finite direct
sum of simple objects).
In what follows, we will assume C is a locally idempotent complete 2-category.
Definition 2.3. A separable monad is a unital algebra object p ∈ homC(A,A), for a simple object
A, whose multiplication m : p ◦ p → p admits a section as a p-p bimodule.
Definition 2.4. A (unital) condensation in a 2-category C is an adjunction f ⊣ g ≡ (f : A ⇆ B :
g, η : 1A → g ◦ f, ǫ : f ◦ g → 1B) which is separable in the sense that its counit ǫ admits a section,
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i.e. if there exists a 2-morphsism φ : 1B → f ◦ g which is the right inverse of ǫ. When there is such
a separable adjuction, we will write “A →֓ B,” and say that A condenses onto B.
Definition 2.5. A separable monad p is separably split if there exists a separable adjunction f ⊣ g
and g ◦ f ∼= p. A separable splitting is a choice of this isomorphism.
Proposition 2.6 ([DR18, Proposition 1.3.4]). A separable monad in C which admits a separable
splitting, admits a unique up-to-equivalence separable splitting.
Admitting a separable splitting implies that the adjunction f ⊣ g admits A as an Eilenberg-
Moore object. In 1-categories, this is can be seen as module decomposition by forming a projector
from an idempotent. The subtlety in 2-categories is that now there is no “orthogonal complement”
to the projector, as in 1-categories.
Definition 2.7. A 2-category C is 2-idempotent complete if it is locally idempotent complete and
every separable monad splits.
Remark. Requiring the unitality of p and the existence of a unit for adjunction in the 2-category
case differs slightly from the situation in 1-categories. In 1-categories there is an equality of p2 = p
but there is no equality of 1 and p. [GJF19] developed a nonunital version of separable monad for
2-categories and showed that if C has adjoints for 1-morphisms, then the notion of 2-idempotent
completion in Definition 2.7 and in [GJF19] agree.
Definition 2.8. A C-linear 2-category C is finite semisimple if: it has finitely many isomorphism
classes of simple objects; it is locally finite semisimple; has adjoints for 1-morphisms; has direct
sums of objects; and is 2-idempotent complete.
Definition 2.9. A multifusion 2-category is a monoidal finite semisimple 2-category in which all
objects have duals.
Remark. As noted in [DR18, Definition 2.1.6], in a fusion 2-category, left and right duals are the
same.
The 1-categorical Schur’s Lemma says that in a semisimple 1-category, if two indecomposable
objects are related by a nonzero morphism, then they are isomorphic. This result fails in 2-
categories, but [DR18, Proposition 1.2.19] provides the following replacement.
Proposition 2.10 (Categorical Schur’s Lemma). If f : X → Y and g : Y → Z are nonzero
1-morphisms between indecomposable objects in a semisimple 2-category C, then gf : X → Z is
nonzero.
Proof. This follows from Proposition 2.12 below, since the composition of condensations is a con-
densation and since condensations with nonzero target are nonzero. 
In particular, “related by a nonzero morphism” defines an equivalence relation on the indecom-
posable objects of C. (Note that, since every 1-morphism is required to have an adjoint, if there is
a nonzero morphism f : X → Y , then there is a nonzero morphism f∗ : Y → X.)
Definition 2.11. The set of components of C, denoted π0C, is the set of equivalence classes of
indecomposable objects for the equivalence relation “related by a nonzero morphism.”
The structure of each component is fully determined by (the endomorphism category of) any
representative object. Indeed:
Proposition 2.12. Suppose X,Y ∈ C are simple objects connected by a nonzero 1-morphism
f : X → Y . Then there is a condensation X →֓ Y . In particular, Y is the image of a simple
algebra object in the fusion 1-category EndC(X).
Proof. Choose g to be the right adjoint to f ; it exists because all morphisms in a semisimple 2-
category are required to have adjoints. The counit ǫ : f ◦ g → 1Y is a nonzero 1-morphism in the
semisimple 1-category EndC(Y ) with simple target, and so has a section. 







3. Proof of Theorem A
We begin this section by developing the necessary graphical calculus in order to prove the main
results. One important feature we will discuss is the state-operator map for fusion 2-categories and




X as the wrapping of X around a




: C → ΩC. This integral is an example
of the general calculus of dualizability as in [FT20], and also arising from the cobordism hypothesis
[BD95]. The boundary framing of the cylinder in Figure 1 is attained from the framing of the
annulus, where the annulus framing is given by the restriction of the two-dimensional blackboard
framing, see Figure 2. One could then take the framed annulus and pull the annulus into a cylinder.
This results in a cylinder appropriately framed to be compatible with the state-operator map.




algebraically. Because we are working with a fusion 2-
category each object has a dual and we have a unit ηX : 1C → X ⊗ X
∗. It corresponds to the
half-circle with framing as in Figure 3 part (a). Also, since all 1-morphisms have adjoints, there is a
right adjoint η∗X : X⊗X
∗ → 1C , corresponding to the framed half-circle in Figure 3 part (b). These
two half-circles compose to an annulus whose framing can be continuously deformed to framing in
Figure 2. All together, we find the algebraic definition:∫
S1
b
X := η∗X ◦ ηX .
The vertex operators of X are by definition the 2-morphisms 1X ⇒ 1X . They are precisely the
operators that can be inserted in the interior hole in Figure 2; the blackboard framing is arranged so














X. This is the physical/geometric proof of the state-operator correspondence. Algebraically,
we have:
Figure 2.





Figure 3. η∗X is by definition the universal map such that the composition with
ηX can be filled. The resulting framing of η
∗
X ◦ ηX is homotopic to the blackboard
framing of Figure 2.







Proof. The duality of X with X∗ provides an equivalence of EndC(X) ∼= hom(1C ,X ⊗ X
∗). This
equivalence identifies 1X with ηX , and so in particular End(1X) ∼= End(ηX), where the left-hand
side is computed in EndC(X) and the right-hand side is computed in hom(1C ,X ⊗X
∗). For any
adjunctible 1-morphism f : A → B in a 2-category, Endhom(A,B)(f) ∼= homEndA(11A , f
∗◦f). Taking
f = ηX , with A = 1C and B = X ⊗X
∗, completes the proof. 




X) is one-dimensional. In the strongly
fusion case lemma 3.1 implies:
Proposition 3.2. Suppose C is strongly fusion. Then X ∈ C is indecomposable if and only if∫
S1
b
X = C. 
We now consider the tensor product of two indecomposable objects X⊗Y mapped by the integral∫
S1
b
. This represents a cylinder within a cylinder as on the left of Figure 5.




is not monoidal: a cylinder within a cylinder is not the same as
two adjacent cylinders. However, in the strongly fusion case, if X and Y are simple then we may
collapse down the inner cylinder via the state operator map into the vacuum line. We may then
collapse the outer cylinder. All together we find:
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11C
Figure 5.
This allows us to complete the proof of Theorem A:
Proof of Theorem A. If X ∈ C is a simple object, then X∗ is as well (since End(X) ∼= End(X∗)),
and hence so is X ⊗X∗ (by Corollary 3.3). Since ηX : 1C → X ⊗X
∗ is nonzero, the simple objects
1C and X⊗X
∗ are in the same component. However, the fact that there are no lines in the strongly
fusion case means that 1C is the only simple object in its component. 
Remark. We can consider working over the real numbers, which is the same as having an anti-
linear involution (time-reversal). In this case, an indecomposable object is not absolutely simple,
and Theorem A is no longer true. We can see this already at the level of fusion 1-categories.
Consider a Z3 fusion 1-category with three objects {1, x, x
−1} over C. Over the real numbers,
we can exchange x and x−1 by the involution. There will be two objects 1 and X over the real
numbers, where X ∼= x + x−1, so that it is invariant under the involution. Schur’s lemma states
that over the complex numbers, indecomposable means that the endomorphisms of the object is
just C. But over the real numbers, the endomorphisms are a division ring, and we have the fusion
X2 = X + 2.
4. Proof of Theorem B
If we try to repeat the proof from §3 when ΩC = End(1C) ∼= SVec, the first snag arises in









X, but says nothing




X is the superalgebra of vertex
operators on X, and so it is supercommutative because we have the freedom to move operators
around each other on the surface of the cylinder. Furthermore, since we are working in a semisimple
2-category, this supercommutative algebra is finite dimensional and semisimple.
Lemma 4.1. The only finite-dimensional semisimple supercommutative superalgebra A with one-
dimensional bosonic part is C.
Proof. If x ∈ A is a nonzero odd element, then it is nilpotent (since x2 = xx = −xx and so x2 = 0).
Thus the principle ideal generated by x is proper. On the other hand, it is not a direct summand of
A as an A-module because projection operators are bosonic, and so the only projection operators
in A are 0 and 1. This contradicts the semisimplicty of A. 
This implies the fermionic versions of Proposition 3.2 and Corollary 3.3.
To complete the proof of Theorem B, it suffices to observe that if X ∈ C is indecomposable,
then, since the unit map ηX : 1C → X ⊗X
∗ is nonzero, X ⊗X∗ is an indecomposable object in the
identity component of C, and so invertible, and thus X is invertible. Indeed, since ΩC ∼= SVec, by
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Proposition 2.12 there are precisely two simple objects in the identity component of C, corresponding
to the two simple superalgebras C and Cliff(1), and Cliff(1) is famously Morita-invertible.
Remark. In fact, X ⊗ X∗ is always trivial, and never the nontrivial simple objected Cliff(1).
Indeed, it is a general fact of monoidal higher categories that if an object is invertible, then its
inverse is its dual. One can also see this directly by running the proof of Proposition 2.12 for the
nonzero 1-morphism f = ηX . Then g = η
∗
X , and the simple algebra in question is the composition
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